Journal of Applied Mechanics and Technical Physics, Vol. 49, No. 6, pp. 1055-1062, 2008

INTERACTION OF SLOWLY MOVING PUNCHES
WITH AN ELASTIC HALF-SPACE

I. M. Arkhipova and V. Yu. Chirkov UDC 539.3

The problem of slow dynamic contact interaction of a system of punches remote from each other
with an elastic half-space surface in the absence of friction is studied under the assumptions that the
diameters of the contact areas are smaller than the minimum distance between the punches and the
time required for the shear wave to travel the distance equal to the punch diameter is comparable to
the time scale of the process. A first-order asymptotic model is constructed. As an example, the case
of steady-state vibrations of a system of two punches is considered.
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1. Formulation of the Problem. Let points P',..., PV with the coordinates (x]l,x%), j=12,...,N,
be distinguished on the boundary of an elastic half-space (with Young’s modulus E and Poisson’s ratio v). The
smallest possible distance dj; = |P7 — P*| (j # k) will be denoted by d.

Let us consider the dynamic contact problem for a system of N > 2 punches which have centers at the given
points and occupy in plan the regions w?, ..., w¥ of small (of order £d) diameter. Here and below, & > 0 is a small
dimensionless parameter. The region w’ is obtained by compressing a certain fixed plane region w{ by a factor
of e71:

wl = {(x1,22): e Nz — ), 20 — ad) €I}
For simplicity, we will assume that the region w{ in the plane of the stretched coordinates
( {755) = 871(x1 - ZC{,ZCQ - x%)
is contained in a circle of radius d/2 with center at the coordinate origin. Then, for any values of the parameter
e € (0,1), the regions w?, ..., w? do not have self-intersections.

We assume that the punches have flat bottoms and the close contact of the bottoms to the elastic foundation
surface is retained throughout the motion. We denote the specified vertical displacement of the center of the punch
as 53 (t) and the angles of rotation of the punch around the axes through its center and parallel to the coordinate
axes Oz, and Oz, as 3 (t) and (1), respectively.

It is assumed that the friction under the bottoms of the punches is negligibly small. Then, the contact

pressure densities p' (¢, 71, 22),...,p"™ (t,71,22) on the boundary of the elastic half-space, according to the solution
of Lamb problem, satisfy the following system of integral equations [1, 2]:
N
S (DEH) (w1, 22) = 8 — B(a1 — ) + Bl (wo — ), (w1,22) € wl. (L1)
k=1
Here j = 1,2,..., N and D¥ is a linear integral operator

(DED)(1,72) = / [ oy Gott =l —uhit oy dyar (12)
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where G3(t,r) is the vertical displacement of points of the surface of the elastic half-space caused by the action of
a constant unit concentrated force suddenly applied to the boundary at the coordinate origin (with polar radius
r = 0) at the time t = 0.

The following representation is valid [3]:

Gs(t,r) =Ts(r)[H(t —r/c1)/2+ H({t —1r/c2)/2

+ fra(eat/r)H(t = r/er)H(r/cy —t) = fas(cat/T)H(t —r/ca)H (r/cs — t)]. (1.3)

Here H(t) is a Heaviside function, ¢; and ¢o are the tensile- and shear-wave velocities, c¢s is the Rayleigh-wave
velocity, T5(r) = (1 — v?)(7E)~'r~1 is the vertical displacement of points of the surface of the elastic half-space in
the Boussinesq problem, and the functions fi2(cot/r) and fo3(cot/r) are defined by the formulas

fra(eat/r) = —qu(c3t? /1% — p1) 7% + qo (33 /1 — p2) M2 — g3(ps — c3t%/r?) Y2,

foz(eat/r) = 2q3(ps — c3t?/r?) =12,

where ¢1, g2, and q3 are the coefficients given by

_ nla—p)vl-—p ,— Pla—p2)V1-—p
2(p1 — p2)(p1 — p3)’ 2(p1 — p2)(p2 — p3)’
_ ps(a—p3)vps — 1 he G _ 12
2(p1 — p3)(p2 — p3)’ a  20-v)
and p1, p2, and ps are roots of the equation
P -2-vp’+1-v)p—-(1-v)/8=0. (1.4)

For 0 < v < v., ps3 is taken to be the largest of the roots, and for v, < v < 1/2, it is the single real root p3 = c3/c3.
In this case,

v = (1/24)(388 + 114v/114)1/3 — (13/3)(388 + 114v/114) /2 +1/6 ~ 0.263.
In the case v = vy, Eq. (1.4) has multiple roots. In the present paper, this case is not considered.
For v = 1/4 (this value is commonly used in seismology [4]), we have q1 = v/3/12, g2 = v/3v/3 — 5/12,
g3 = V/3V3+5/12,p1 = 1/4, po = (3 —v/3)/4, ps = 3+ /3/4, and a = 1/3.

We set
Gg(t, ’I") = Tg(?") + gg(t, ’I"). (15)
Substitution of expression (1.5) into (1.2) yields [5]
op* op*
Galt. e —yl) 7, (ty) = Talle —yDlp*(t.y) =" O.9)] + gs(t. ]z — ) « ), (9).
where
t
opF B opF
Galtlo—yl) = ) () = [ Galt — o —u) ) (row)ar
0
Thus, formula (1.2) becomes
(D)t = [ [ttt — sl Ow) dy + [ [ Talle — w)p )y
o k
+ [[aatela o) D vy, (16)
wk

Equations (1.1) should be supplemented by initial conditions that define the positions and velocities of the
punches at ¢t = 0. At the initial time, if the elastic half-space is not deformed [p?(0,z1,22) = 0], we can set
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§(0) = 1(0) = B5(0) = 0 and 63(0) = BI(0) = B5(0) =0 (j = 1,2,...,N). However, the method described
below to approximately solve the dynamic contact problem does not allow a description of the initial stage of the
movement, which is greatly dependent on the initial conditions.

2. Influence of Punches Remote from Each Other. Following the approach used in [6], we distinguish
any punch by denoting it with j and write Eq. (1.1) as

(DI)(t, @) = 6 — Py (a1 — @) + B] (22 — 3) = Y (DEPF)(t, ). (2.1)
k#j
Using the relation |z — y|~! = d;kl + O(g), we obtain
7TE Fsk
//Tg |z — y|)p"(t,y) dy = ]E) (2.2)
dj

Here F?‘fk is the resultant given by the formula

F5F = //pk(t,y)dy

Expressions for terms of order ¢ and €2 in expansion (2.2) are given in [6].
We consider the third integral on the right side of (1.6). According to representations (1.3) and (1.5), some
time after the beginning of the movement, the following relation is valid:

iyl
_ op* apk
-T _ 1 _ S —
0
5 eyl . -
C2T p
+ / {_2+f12(|sc—y|)}8(t—r)(t_T7y)dT
o eyl
s le—yl oo
C2T p
— t— dr. 2.3
/ f23(|.’13—y|) (t—T)( T7y) T ( )
ey eyl
Similarly to (2.2), we obtain the expansion
dFsk
//ggt )+ () dy = oot )+ 0 ()~ (24)

which, as the initial representation (2.3), is valid only for ¢ > c3 ' (d;1. + d).
3. Slow Movement of an Isolated Punch. We consider the integral on the left side of Eq. (2.1) for
z € w! and y € w!. The following expansion is valid [5]

E op? op’

t,|x — t —A t e 3.1
1_V2 6293( 7|w y|) 8t ( y) 0 at ( 7y)+ ( )
Here
1 1 / /
Ay = 2—|— 2671— / fu(T)dT-F/fgg(T)dT, (32)
g 1
B=ci/eca=a"Y?and vy =cy/cz = p§/2. Thus, for the case t > c5 'ed, where representation (2.3) is valid and the
first term on the right side of (1.6) vanishes, in view of expansion (3.1), we have
mE Ao dF5’
L (DI / lz—y| P (ty)dy— "3 () +.... (3.3)
— C2 dt
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Let an area w. (here and below, the subscript j is omitted for simplicity) be subjected to a time-dependent
pressure uniformly distributed over the area p(t, ) = po(t) [the function po(t) does not depend on the parameter &].
Then, transforming to stretched coordinates on the right side of relation (3.3), it is easy to show that, as ¢ — 0,
the first term is of order epg(t), the second of order e%py(t), and the third of order £3jio(t) (the point denotes
differentiation with respect to time).

In the contact problem for an isolated punch, we can choose the diameter d. = ed of the region w. as the
unit length, and the quantity 7. = cg 'ed as the unit time. In this case, 7 = t/T. is a dimensionless time variable.
In conversion to the dimensionless variable 7, the terms on the right side of relation (3.3) have the following orders:
epo(e, T), €dpo(e,7)/07, and 0?py(e,7)/07%. Hence, in order that expansion (3.3) be asymptotic, it is necessary
that the contact pressure changes only slightly during the time the Rayleigh wave travels a distance equal to the
punch diameter. For a particular law of pressure variation given by a fairly smooth function py(t), this requirement
is satisfied for a punch occupying in plan an area of small diameter we, i.e., for e < 1.

For simplicity, we confine ourselves to the first correction to the quasistatic approximation (3.3). Denoting
the displacement of the punch by dg(¢), we obtain the following equation for the slow vertical movement of an
isolated punch:

A() 1-— V2
Co mFE
Here B is the linear integral operator of the static contact problem:

Bt ="' [[ P ay (35)

(B.p)(t, ) = 6o(t) + FE(t), T € we. (3.4)

—yl 7
Since the right side of Eq. (3.4) does not depend on the coordinates x1 and x5, the following relation holds:
) AQ 1-— V2 .
F(t) = “ (ot Fi(t)). .
ORI CTO R +{0) (36)
Here c¢* is the sliding capacity of a punch with a flat smooth bottom (see, for example, [7-9]). For an elliptic punch
with major half-axis a® = ea and eccentricity e, we have [10]
¢ =a"/K(e), (3.7)
where K (e) is a complete elliptic integral of the first kind.
Equation (3.6) is written as

AQ . 1 mE
- F% Fs(t) = . .
YEO+ =", 00 (38)
Setting F¥(t) = Fsp exp (iwt), from Eq. (3.8) we obtain do(t) = doo exp (iwt), where
1— V2 1 . AO
%00 = TE (c5 o 62)F30-

Thus, the impedance defined as the ratio of the force amplitude F3g to the displacement amplitude dog [11] is equal
to
F30 1— V2 a( . AO -1
_ 1 — iwe® ) , 3.9
500 B © iwc o (3.9)
In the examined case with the fixed diameter dZ of the punch bottom w,, the assumption of slow movement
of the punch, made in the derivation of Eq. (3.4), implies that the relative frequency of the vibrations is low. Thus,

with the same accuracy as Eq. (3.6) was derived, from relation (3.9) we find that

2
f;j’s - IWEV c5(1 +ido ‘;is + 0(52)), (3.10)
where A\g = 2¢°Ag/de.
For comparison with known results for a circular punch [11], we calculate the quantity A\g = 27~ 'Aq. For
v =1/4, we have Ao = 0.79, which agrees with calculation results [11].
We note that, in comparison with expansion (3.10), formula (3.9), which can be treated as a simple Pade
approximation, is more accurate [12, 13].
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4. Asymptotic Model of Slow Vertical Movement of a System of Punches Remote from Each
Other. On the left side of Eq. (2.1), we substitute the approximate expression for the operator D taking into
account the two first terms of formula (3.3), and on the right side, the approximate expression for the operator D¥
according to representation (1.6) and taking into account the first terms in formulas (2.2) and (2.4). As a result,
we obtain the equation

Ag 1 —02 . _. 1—v? F§k(t) - .
BIp)(t,z) = o)t FEI () — ( 3 td; F”t), cuwl, 41
B)te) =00+ o B ; N CLOR O I L (4.1)
where B. is an integral operator [see (3.5)].
Equation (4.1) implies the following relation [similarly to (3.6)]

. e i -
FI(t) = . _E2 o {56(1&) + 10\20 171'E Fg'(t)
—1/2 ek
_Z(IWE Fg{,jj(t)+gg(t dji) * E7 ())} (j=1,2,...,N). (4.2)

Here ¢ is the sliding capacity of the punch wl. For a system of elliptic punches, the quantity ¢; is given by formula
(3.7). In the particular case of a system of circular punches, relation (4.2) agrees with relation (6) in [2] obtained
by a different method. Equation (4.2) is an extension of the solution of the quasistatic contact problem to a system
of a large number of arbitrary small punches obtained in [14].

Equation (4.2) can be written as

i mE i AQ 1-— V k
Fiw =", s+ o B0 =gt < BN ), (4.3)
k#3j
where
mE d; 1 d;
| it ) < ER0) = (5 + a8 D) FE (8= D)+ () - o)) E5 (2= )
h Fsk d
+ / f{Q(T)F:f — jk dT — /f23 t _—— 7') dr.
Bt “
Let us consider Egs. (4.3) for j = 1,2,...,N as a system of equations for the unknown
forces F5L(t), ..., F§N(t). With the same accuracy as Eq. (4.3) was derived, we can set
. TE .
e = | ko) (4.4)
Substituting expression (4.4) into Eq. (4.3), we bring it to the form
Ao 1 ; ) . ) . "
Y k) + s F0=,T {#® - ; o cadalt die) < 35(1) |- (4.5)

Denoting by A%(t) the expression in the braces on the right side of the differential equation (4.5), we write the
particular solution of Eq. (4.5) obtained using the small parameter method in the form

1—v? Aoc5\nd" A}
FEJ — ( ) 0 t). 4.6
mE J Z Co dtn ®) (4.6)
In the infinite sum (4.6), we retain only terms of order € compared to unity. Thus, we finally obtain
1— V2 ; : (C§)2AO .
» F=cajm+ N AW
or [dropping terms O(g?)],
1-v2 1 ; 5o TE :
L FPO=80+7 RO -Y | )« 80,

J
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5. Example. Using the first-order asymptotic model constructed above, we consider the contact dynamic
problem of steady-state vibrations of a system of two circular punches on an elastic half-space. Let one of the
punches be acted upon by a periodic vertical force P exp (iwt). The vertical displacements of the punches d3(¢) and
62(t) are determined from the system of equations

m63(t) = —Fy(t) + Pexp (iwt),

. (5.1)
madd(t) = —Fa(t).
According to formula (4.3), the reactions of the elastic medium Fi(t) and F5(t) are calculated as follows:
o TE 1 AO 1— 1/2 . B .
A= e(@0+ ) B = d) « (),
5.2)
_ 7E s Agl—1? . i . (
IO e {0 o B0 —ad) Fi(1)).

Here
TE

it )« () = (; + f12(87) ) F(t = des) + (; ~ f2(1)) F(t - de)

1 v
+ / flo(T)F(t — dcng) dr + / fas(T) Cfif (t— dcng) dr.
B-1 1

For simplicity, the sliding capacities of the circular punches are considered equal to ¢; = c2 = 2a/7.
We set

S(t) = Ajexp (iwt),  Fj(t) = Bjexp (iwt)  (j=1,2).

Having derived the equations for the complex amplitudes By and Bs of the reactions Fi(t) and Fy(¢) from sys-
tem (5.1), (5.2), we determine the complex amplitudes of the vertical displacements of the punches A; and Ay at
the specified frequency of the perturbing force w.
Introducing the dimensionless frequency and amplitudes
aw - Aj B 1—v% B;

7= ) Aj = ) J

o u B a2 (J=12),

we express the dimensionless complex amplitudes of the vertical displacements A, and As in terms of the quanti-
ties B; and Ba:

. 1 = 1 ~ 1 =

A = By — , Ay = Bs. 5.3
' 72 ' 22y ° 22 i ? (5:3)

In this case, the equations for the complex amplitudes of the reactions B; and Bs become

U 1 ~ ~ ~ 1 -
- —isA )B &)By=— . P,
(2 2 1Mo ) B1 + eG(5,€) B 2
) ) - ) (5.4)
eG(s,e)By + (2 — 0 — z'%AO) By =0,
where
a 1—v? mjc3 - 1-12 1
T Hi 7E  a’ 7B a2’

Goe,e) = (; i fm(frl)) exp (—ie 187 150) + (; - f12(1)) exp (—ie~15)

1 v
+ / fio(T) exp (—ie  ser) dr — iE_l%/ fo3(7) exp (—ie 1) dr.
g1 1
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Fig. 1 Fig. 2

Fig. 1. Vertical displacement amplitude of the first punch R: versus frequency s in the absence of the
second punch for b; =10 (1) and 2 (2).

Fig. 2. Ratio R of the vertical displacement amplitudes of the first punch versus frequency » (b1 = 2 and
b2 = 100) in the presence and absence of the second punch.

AQ/AI
0.3
0.2-

0.1

0 0.2 0.4 0.6 0.8 1.0 »

Fig. 3. Ratio of the vertical displacement amplitudes of the punches As/A; versus frequency s for
b2 =100 (1), 10 (2), 5 (3), 2 (4), and 0 (5).

Results of numerical calculations by formulas (5.3) and (5.4) are presented in Figs. 1-3. In this case, e = 0.1,
and the parameter b; is given by the formula

21 .
bj:l—VQMj (]:1,2).

Figure 1 shows curves of the vertical displacement amplitude of the first punch Ry = Ajpua/P versus frequency »
in the absence of the second punch. Figure 2 shows the ratio R of the vertical displacement amplitude of the first
punch in the presence and absence of the second punch for b; = 2 and b, = 100. From Fig. 2, it follows that the
presence of the second punch has little effect on the vertical displacement amplitude of the first punch. Figure 3
shows a curve of the ratio of the vertical displacement amplitude of the punches versus frequency for various values
of the parameter by. The calculation results presented in Figs. 1-3 are in good agreement with the results obtained
in [15] using a different approximate method.
We thank I. I. Argatov for help in the work and useful discussions.
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